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Abstract

This paper presents a dynamical study of an imaginary Bragg grating. It shows that when the lasing threshold is reached, the standard
transmission matrix approach is no longer valid and a more comprehensive model taking in account gain saturation is required. The
grating has then been studied using a direct numerical solution of the time-dependant coupled-mode equations including gain saturation
effects. This description is valid for analyzing imaginary Bragg gratings operating both below and above the lasing threshold, and it has
demonstrated to provide a physically consistent solution, avoiding the group delay divergences and abnormalities which are predicted by
the transfer-matrix model.
� 2006 Elsevier B.V. All rights reserved.
1. Introduction

Periodic longitudinal perturbation of the complex
dielectric permittivity composing an optical waveguide
creates conditions for an effective co-directional and con-
tra-directional guide mode interaction. When the periodic-
ity is adjusted to achieve the phase-matching condition
between a forward propagating mode and a backward
one, the structure becomes a distributed feedback reflector
or a Bragg grating.

In a Bragg grating, the reflected wavelength is deter-
mined by the grating periodicity while the coupling effi-
ciency is determined by the transverse overlapping integral
between the modulated dielectric permittivity and the prop-
agating optical mode. The usual way to create a Bragg grat-
ing is to modulate the refractive index of the waveguide
material either by periodically changing it through UV
exposure or by periodically etching this material. This type
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of perturbation corresponds to a modulation of the real part
of the dielectric permittivity (index Bragg grating). How-
ever, it is also possible to modulate the imaginary part of
the dielectric permittivity. Such modulation creates a grat-
ing of alternating segments of gain and loss along the wave-
guide or a so-called imaginary Bragg grating (I-BG).

In their pioneer research, Kogelnik and Shank [1] ana-
lyzed distributed feedback (DFB) structures with periodic
gain, i.e. I-BGs, in the small-signal (unsaturated) regime.
They derived the lasing condition by solving the coupled-
mode equations governing the coupling between the for-
ward and backward propagating signals within the periodic
structure. It was shown that a uniform I-BG has a single
lasing mode exactly at the Bragg wavelength (for antireflec-
tion-coated facets). This interesting feature of a uniform
I-BG was first suggested as a potential solution to the prob-
lem of spectral degeneracy of uniform index Bragg gratings
in an amplifying guide, and was later confirmed experimen-
tally by Nakano et al. [2].

Gain gratings have also attracted recent research interest
for other various applications, including all-optical switch-
ing and routing and as tunable diffraction elements in laser
systems [3–6]. It has been shown that these gratings exhibit
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many interesting features, including greater than unity dif-
fraction efficiency and high spectral Bragg selectivity [6].
For example, a gain grating can be formed through spatial
hole burning induced by the interference of two coherent
beams inside a gain medium (e.g. laser amplifier) [4,5].

Other studies on the I-BGs have focused on the so-called
gain-coupled distributed feedback (GC-DFB) lasers due to
its higher single-mode yield and immunity to facet reflec-
tions [2]. Pure-gain-coupled lasers have been experimen-
tally fabricated and tested, see for example [7]. In this
context, two main approaches have been used to experi-
mentally create an active gain/loss modulation [7,8]. In
[7], the desired gain/loss periodic modulation was achieved
by periodically etching an active layer. Then a second grat-
ing layer on top of the grating in the active layer was fab-
ricated, thereby canceling out the effect of index coupling.
The gain-coupled coefficients of this structure can be
adjusted by controlling the strength of the injection cur-
rent. A second approach to produce I-BGs is based on fab-
ricating a periodic variation of loss along the waveguide [8].
The distinctive characteristic of such a structure is that the
strength of the gain coupling is not affected by any change
in the injection current.

It has been also demonstrated that an I-BG operating
below its lasing threshold can be used as an optical filter,
in which the filtered signal is additionally amplified [9–11].
Different designs of tunable optical filters based on I-BGs
have been recently proposed [11]. It has been shown that
wavelength tuning can be achieved by suitably adjusting
the local gain-coupling and net gain in the structure.

In most of the previous works on I-BGs, these devices
have been analyzed and designed using conventional cou-
pled-mode theory. Important aspects in these structures
such as the effects associated with gain saturation have
not been considered. Notice that the effect of gain satura-
tion is especially relevant when the I-BG operates near or
above the lasing threshold. Moreover, most of the previous
studies on I-BGs have been restricted to the CW regime
and for instance, no detailed analysis of the dispersive
properties of these devices has been provided. Obviously,
the dispersion characteristics (and associated temporal,
dynamic properties) of these devices are of fundamental
importance when they are used for optical signal transmis-
sion and processing applications (e.g. when used as optical
filters). In the authors’ opinion, despite the past and
increasing recent interest on I-BG-based configurations,
there is a lack of detailed theoretical studies and numerical
modeling of these devices.

The main motivation of this work is the development
and testing of general and comprehensive models for the
spectral-domain and temporal-domain analysis of I-BGs,
including a detailed investigation on the range of validity
of each one of the presented mathematical models. In our
study, we consider a general gain/loss Bragg grating com-
posed by periodically alternating segments of gain and loss.
There are two regimes of interest for such gratings: below
and above the lasing threshold. When the structure is
below the threshold, we confirm that it can be accurately
modeled and described using basic coupled-mode theory
and the associated transfer matrix method. In this case,
the device behaves as an amplifying optical filter. However,
when the structure operates close or above the lasing
threshold, the transfer matrix method is no longer valid.
For instance, it is shown that the analysis of an optical
I-BG filter using the transfer matrix method results in exo-
tic numerical abnormalities in the grating’s dispersion near
the lasing threshold (e.g. superluminal group velocity). In
order to properly describe the transmission characteristics
of an I-BG above threshold, limiting mechanisms such as
gain and loss saturation have been introduced in the math-
ematical model describing the reflector. In this case the
problem can be solved using similar numerical procedure
to that previously used by De Sterke et al. [12] for the anal-
ysis of the coupled-mode equations in the non-linear
regime. In this way, we provide here a complete study of
the dynamic (temporal) properties of the I-BGs over all
the regimes of interest.

The remainder of this paper is organized as follows. Sec-
tion 2 presents the theoretical background for the analysis
of I-BGs, including its mathematical description in the
form of a set of coupled-mode equations in combination
with another set of equations to account for gain satura-
tion effects. Two different methods are proposed and
described for the solution of these equations, namely the
conventional transfer-matrix approach (where no gain sat-
uration effects are considered) and a more comprehensive
model based on a direct numerical solution of the equa-
tions governing the I-BG behavior (including gain satura-
tion effects). In Section 3 the range of validity of the
conventional transfer-matrix technique is investigated and
the method is applied to analyze the temporal impulse
response of an I-BG below the lasing threshold. In Sec-
tion 4, a direct numerical solution of the equations govern-
ing the I-BG is provided and applied to analyze the
dynamic behavior of the I-BG (this includes the analysis
of the stationary properties of the I-BG) both below and
above the lasing threshold. Finally, in Section 5 we summa-
rize and conclude our paper.

2. Theoretical modeling of imaginary Bragg gratings

2.1. Coupled mode equations

The study of the I-BG is based on the use of the
coupled-mode theory formalism [1]. The gain and loss
segments of the I-BG introduce a perturbation to the com-
plex refractive index which allows the coupling between the
forward and backward propagating modes. The perturba-
tion is expressed as follows:

DnðzÞ ¼ j

k0

DaDC � DaAC sin
2p
K

zþ /g

� �� �
; ð1Þ

where DaAC represents the loss/gain modulation amplitude,
DaDC is the average loss inside the grating (or gain if it is
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negative), K is the grating period, k0 = 2p/k with k being
the wavelength in vacuum, and /g accounts for a possible
phase shift between the I-BG and the z-axis. Even though
an imaginary contribution to the index of refraction also
implies a change in the real part of the index of refraction
through the Kramers–Kronig relations, we assume here
that the real Bragg grating induced by the I-BG is negligi-
ble in comparison with the imaginary grating at its reso-
nance wavelength. In practice, this approximation is valid
if the gain material and its spectral dispersion properties
are carefully selected [4].

The electric field of the propagating mode can be
expressed as

Eðz; tÞ ¼ 1

2
½eEþðz; tÞ þ eE�ðz; tÞ�e�jx0t þ c:c:; ð2Þ

where x0 is the carrier angular frequency, E(z, t) is the real
electric field and eE�ðz; tÞ represent the forward and back-
ward complex electrical field of the propagating modes.
The tilde on top of the character denotes that it is a com-
plex quantity. The electric field can be further normalized
in the following way:eEþðz; tÞ ¼ eRðz; tÞ expðjbgzÞ;eE�ðz; tÞ ¼ eSðz; tÞ expð�jbgzÞ;

ð3Þ

where bg = p/K is the Bragg wavevector. Hence, consider-
ing a weakly guiding single-mode optical waveguide and no
coupling allowed between the propagating modes and radi-
ation modes, the coupled-mode equations take the follow-
ing form [12]:

j
o

oz
þ ng

c
o

ot

� �eR ¼ �DbeR þ jeS ;
� j

o

oz
� ng

c
o

ot

� �eS ¼ �DbeS � jeR; ð4Þ

where j is the coupling coefficient and Db(x) = b(x) � bg

is the mismatch factor. The coupling coefficient is deter-
mined by the transverse overlapping integral between the
mode spatial profile and the AC contribution to the imag-
inary index introduced by Eq. (1) as DaAC [13]. The prop-
agation constant can be defined with respect to the carrier
frequency, x0, which fulfills the phase matching condition,
as follows:

bðxÞ ¼ bg þ jrþ ng

c
ðx� x0Þ; ð5Þ

where b(x) = n(x)x/c, n(x) is the effective index of the
propagating mode, ng is the group index at the angular fre-
quency x0, and r is the average loss in the I-BG. A negative
value of r indicates an average gain instead of loss. For the
sake of simplicity, the group index is assumed to be a real
constant, which implies that the frequency dependence
(and chromatic dispersion) of the average gain/loss is
negligible.

As anticipated in the introduction, since the I-BG struc-
ture is able to sustain a lasing effect, it is important to
include saturation mechanisms. The effect of gain satura-
tion can be properly modeled by introducing an intensity
dependence of the coupling coefficient and average gain/
loss in the following way:

jðz; IÞ ¼ jloss þ
jgain

1þ Iðz; tÞ=I sat

; ð6Þ

rðz; tÞ ¼ rloss þ
rgain

1þ Iðz; tÞ=I sat

; ð7Þ

where jloss and rloss are respectively the loss contribution to
the coupling coefficient and the average loss, jgain and rgain

are respectively the non-saturated coupling coefficient and
average loss due to the gain contribution. In this formal-
ism, rgain is negative (see Eqs. (3) and (5)). Finally, Isat is
the saturation intensity and the intensity is given by

Iðz; tÞ ¼ jeEþðz; tÞ þ eE�ðz; tÞj2: ð8Þ
Eq. (4) can be solved using two different approaches.

The first method, namely the conventional transfer-matrix
formalism, is based on a stationary analysis of these equa-
tions, in which the saturation effects are not considered
(Section 2.2). In this case, Eq. (4) can be solved analyti-
cally. The second method is based on a direct spatio-tem-
poral numerical analysis of the same equations (Section
2.3), and allows one to include the saturation effects.

2.2. Basic transfer-matrix formalism

The first method implies a stationary solution, which
means that the field amplitudes (complex envelopes) do
not vary in time in Eq. (4). Furthermore, in this method,
the saturation effects are neglected, i.e. I/Isat� 1. Using
these assumptions, Eq. (4) now becomes a standard scatter-
ing problem that can be solved analytically by using a
transfer-matrix approach. The field amplitudes at the out-
put of the grating (at z = z0 + L) and at the input (z = z0)
are related in the following way:

eEþðz0 þ LÞeE�ðz0 þ LÞ

" #
¼

M11 M12

M21 M22

� � eEþðz0ÞeE�ðz0Þ

" #
; ð9Þ

where z0 is the position where the grating begins. The ma-
trix elements are

M11 ¼ cosðcLÞ þ j
Db
c

sinðcLÞ
� �

exp½jbgL�;

M12 ¼ �j
j
c

sinðcLÞ exp½jðbgLþ /0Þ�;

M21 ¼ �j
j
c

sinðcLÞ exp½�jðbgLþ /0Þ�;

M22 ¼ cosðcLÞ � j
Db
c

sinðcLÞ
� �

exp½�jbgL�;

ð10Þ

where c = (j2 + Db2)1/2 and /0 = 2bgz0 + /g. If a signal is
injected at z = z0 in the I-BG, the transmission and reflec-
tion characteristics of the I-BG can be obtained from Eqs.
(9) and (10) assuming that no signal is injected at the grat-
ing output (i.e. E�(z0 + L) = 0),
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rþðz0; LÞ ¼
E�ðz0Þ
Eþðz0Þ

¼ j
je�j/0

c cotðcLÞ � jDb
; ð11Þ

tþðz0; LÞ ¼
Eþðz0 þ LÞ

Eþðz0Þ
¼ cejbgL

c cosðcLÞ � jDb sinðcLÞ ; ð12Þ

where the ‘‘+’’ subscript indicates a forward propagation
from z = z0 to z0 + L. Both coefficients maximize their
magnitudes at x0 as long as the imaginary part of the
group index is negligible (as it has been assumed at Eq.
(5)). In the case of a signal injected at z = z0 + L and prop-
agated backward towards z = z0, the transmission and
reflection coefficients are (the subscript ‘‘�’’ is used for
the backward coefficients):

r�ðz0; LÞ ¼ �rþðz0; LÞe2jðbgLþ/0Þ; ð13Þ
tþðz0; LÞ ¼ t�ðz0; LÞ: ð14Þ

The complex transmission and reflection coefficients
given by Eqs. (11)–(14) provide a complete spectral descrip-
tion of the I-BG. The group delay and group velocity of the
I-BG can be calculated from the grating complex transmis-
sion and reflection coefficients. The group delay will be an
indication of the time spent by the propagating signal
inside the grating. The group delay is defined from the
phase of the reflection and transmission coefficients in
Eqs. (11)–(14):

sr

st

�
¼ � k2

2pc
d

dk

argðrÞ;
argðtÞ;

�
ð15Þ

where the indices ‘‘ ± ’’ have been dropped because Eqs.
(13) and (14) show that the group delay in such uniform
I-BG is independent of the direction of propagation
through the I-BG. The group velocity is an indication of
the speed at which the signal propagates along the grating.
This quantity can only be defined in transmission and is gi-
ven by the following relation:

vg ¼
L
st
: ð16Þ
2.3. Direct numerical solution of the coupled-mode equations

The second method relies upon a direct numerical solu-
tion of the coupled-mode equations. The main advantage
of this method is that it can include the nonlinear effects,
namely gain/loss saturation effects. The gain/loss satura-
tion is defined as in Eqs. (6) and (7) accordingly to the aver-
age intensity along one Bragg period K:

Iavgðz; tÞ ¼ jeEþðz; tÞj2 þ jeE�ðz; tÞj2
¼ jeRðz; tÞj2 þ jeSðz; tÞj2: ð17Þ

It should be noted that the intensity saturation is not
uniform inside one Bragg period due to the intensity oscil-
lations induced by the interference between the forward
and backward fields; however, the calculation of the gain
saturation using the average intensity, as defined in Eq.
(17), is an acceptable compromise that allows us to include
the gain saturation effects into the numerical algorithm
while avoiding the extreme complexity and computation
costs associated with accounting for the intensity oscilla-
tions within the Bragg period. A possible consequence of
this averaging would be to underestimate the saturation
effect, leading to a greater signal. The precise effects of this
approximation will be investigated in a subsequent publica-
tion where will be presented a theoretical model to evaluate
the steady-state output power of an imaginary grating with
saturation above the threshold.

To solve numerically the propagation equations pre-
sented by Eq. (4), we can use a similar approach to that
developed by De Sterke et al. for solving the coupled mode
equations in the nonlinear regime [12]. Specifically, a
rescaling of the time variable and a rotation of the spatio-
temporal frame of reference is first required. This was dem-
onstrated to lead to a new set of differential equations
which can be solved by a greatly simplified numerical algo-
rithm [12]. Specifically, assuming the following change of
variables:

T ¼ ct
ng

;

z ¼ f� s;

T ¼ fþ s;

ð18Þ

the coupled-mode equations becomes:

j
oeR
of
¼ �DbeR þ jeS ;

� j
oeS
os
¼ �DbeS � jeR: ð19Þ

The details of the numerical method to solve the Eq. (19)
will not be reviewed here because they are beyond the scope
of the present paper. The reader is referred to the work by
De Sterke’s et al. for a detailed description on this numer-
ical method [12]. It should be noted that Eq. (19) are
exactly the same as the ones derived in [12] except for the
inclusion of nonlinear saturation effects. Since these effects
(shown in Eqs. (6) and (7)) depend only on the field and the
spatial and temporal coordinates, they can be easily
included in De Sterke’s et al. method. In fact, the explicit
presence of z and t in the right hand-side of Eq. (4) would
have not allowed the essential change of variables
described by Eq. (18).

3. Transfer-matrix method: application and validity

3.1. Analysis of lasing threshold

The presence of gain within the I-BG allows the struc-
ture to undergo lasing effect. In particular, the I-BG struc-
ture presents a threshold above which a lasing effect will
occur inside the grating; in this case, the grating acts as a
distributed Bragg reflector (DBR) laser.

The threshold condition can be found by use of the
analytical solution obtained for the I-BG via the
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Fig. 1. Transmission and reflection characteristics of the I-BG below and
above the lasing threshold with r = 0. The transmission and reflection
spectra are shown for jL = 0.45p (below threshold) in (a) and 0.55p
(above threshold) in (b). The group delays in transmission for both grating
strengths are shown in (c).
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transfer-matrix method [1]. The lasing condition in the I-
BG dictates that the matrix element M22 should be equal
to zero. This condition coincides with the poles of the
transmission and reflection coefficients and represents the
fact that when the I-BG is lasing, there may be outgoing
signals even with no inputs. Assuming a homogenous gain,
only the angular frequency x0 experiencing the highest gain
through the I-BG can reach the lasing threshold. This leads
to the lasing threshold condition expressed as [1]

jL ¼
cosh�1ð�r=jÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr=jÞ2 � 1

q
for r 6 �j;

cos�1ð�r=jÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðr=jÞ2

q
for � j 6 r < j;

8><>:
ð20Þ

where r is the DC loss (or gain, if negative) introduced in
Eq. (5). Two particular cases have to be pointed out.
Firstly, the singularity at r = �j can be solved to find that
for such a case, jL = 1. Secondly, in this paper, we focus
on the case with no DC gain/loss in the I-BG, i.e. r = 0;
in this case, the lasing condition in Eq. (20) occurs exactly
for jL = p/2.

In our study, we have found an interesting inconsistency
when evaluating the grating group delay around the lasing
threshold using the conventional transfer-matrix method.
Fig. 1 shows the transmission and reflection properties
for two distinct grating strengths at both sides of the
threshold condition, jL = 0.45p and 0.55p. The grating
period is K = 0.5 lm, its length is L = 15 lm and the effec-
tive index is neff = 1.55. The Bragg wavelength for such a
grating is 1.55 lm. For the sake of simplicity, dispersion
of the mode’s effective index is neglected.

Fig. 1 shows several interesting characteristics. The
group delay obtained for the two grating strengths are
quite different from one another. In Fig. 1(c), one can
observe an abnormal discontinuity in the group delay curve
around the Bragg wavelength, which undergoes a complete
reversal from a large positive value (solid curve) to a large
negative value (dashed curve) when crossing the threshold
point at jL = 0.5p. Besides this abnormal group-delay
‘‘discontinuity’’ (around the lasing threshold), the negative
group delay above threshold seems to indicate a superlumi-
nal propagation effect, meaning that the signal gets out of
the I-BG even before entering it. We anticipate that these
paradoxical results are associated with the mathematical
model rather than any real physical phenomenon. The sta-
tionary model is not valid above and even close to the las-
ing threshold. A further indication of the lack of validity of
the basic transfer-matrix model around and above thresh-
old conditions is that in the case of operation at the exact
lasing threshold, i.e. for jL = 0.5p, the transmission and
reflection spectra calculated via the transfer-matrix method
strongly diverge (at the Bragg wavelength) and exhibit a
spectral width close to zero.

We have developed a testing strategy for the transfer
matrix model based on comparing the results from two dif-
ferent approaches, both based on this same model. In the
first one the model is applied to the whole I-BG structure
which can be above the threshold condition (jL > 0.5p),
while in the second approach, we analyze the result of con-
sidering a concatenation of two shorter I-BGs, each of
them operating below the threshold condition (j(L � dz) <
0.5p; jdz < 0.5p). The expressions of reflection and trans-
mission spectral coefficients through the I-BG according
to the basic transfer-matrix model are given by Eqs. (11)
and (12). Fig. 2 presents the alternate way of calculating
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the transmission of the same I-BG as a sum of signals
bouncing back and forth between the two concatenated
gratings. The first grating labeled as #1 starts at z0 and
has a length of L � dz, while the second one labeled as
#2 starts at z0 + L � dz and has a length of dz. The overall
grating starts at z0 and has a length of L. Using the grating
concatenation modeling, the transmission coefficient
through the whole structure can be calculated as:

ttotþ ¼ t1þt2þ
X1
n¼0

r2þr1�ð Þn; ð21Þ

where the indices 1 and 2 refer to each sub-grating. Using
the same procedure, a similar expression can also be ob-
tained for the reflection coefficient:

rtotþ ¼ r1þ þ t1þr2þt1�
X1
n¼0

r2þr1�ð Þn: ð22Þ

The same geometric series appears in the last two equa-
tions, and this geometric series converges to 1/(1 � r2+r1�)
as long as jL is kept under the lasing threshold presented
at Eq. (20) because the condition in Eq. (20) ensures that
jr2+r1�j < 1. Moreover, it is only when the infinite sum con-
verges that Eqs. (21) and (22) simplify to the previous
transmission and reflection coefficients obtained via the
transfer-matrix method, i.e. expressions in Eqs. (12) and
(11). The fact that the series in Eqs. (21) and (22) do not
converge above the lasing threshold confirms the antici-
pated inconsistency of the basic transfer-matrix model in
this case. The origin of the discrepancies observed above
the lasing threshold can be addressed more rigorously by
evaluating the temporal impulse response of the I-BG.

3.2. Temporal impulse response of the I-BGs

The concatenation of two gratings implies an infinite
sum of terms, each one delayed in respect to the previous
one by the round trip time between these two gratings.
Based on this, one would expect that a truncated sum, only
including a few terms of the whole series, could still provide
an accurate estimate of the grating response for sufficiently
small times. Thus, a comparison between the grating time
responses provided by the transfer-matrix method and
the concatenation of two grating should provide a deeper
insight into the method’s validity and origin of the
observed discrepancies above the lasing threshold.

The temporal impulse response of both the sub-gratings
structure and the whole grating structure can be obtained
by a numerical inverse Fourier transform of the corre-
sponding grating spectral response. In Fig. 3, the temporal
impulse response of the I-BG in transmission obtained
from the transfer matrix method (inverse Fourier trans-
form of Eq. (12)) is compared with that obtained by con-
sidering the concatenation of two identical gratings of
length L/2 (inverse Fourier transform of Eq. (21)). The
comparison is carried out for both cases below the lasing
threshold, Fig. 3(a), and above the threshold, Fig. 3(b).
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The origin of time (zero) corresponds to the moment of
impulse injection into the I-BG and the time axis is in the
units of the time propagation s through the unperturbed
waveguide of length L (assuming there is no I-BG in the
waveguide), t 0 = t/s.

Fig. 3(a) shows that below the lasing threshold, the tem-
poral impulse response obtained by direct application of
the transfer-matrix method is reconstructed by summing
up a sufficiently large number of terms in the infinite sum
(series) resulting from the application of the two concate-
nated half-gratings model. This is consistent with our pre-
vious results in Section 2.2, confirming the validity of the
basic transfer-matrix method for obtaining the I-BG
response in both the spectral and temporal domains. In
particular, Fig. 3(a) shows that the temporal impulse
response of the I-BG below threshold exhibits a Dirac
delta-function at the time s, i.e. propagation time along
the unperturbed waveguide of length L (waveguide without
grating). This time delta-function is followed by a slowly
decreasing tail, as predicted by the transfer-matrix method
and as reconstructed by the two concatenated gratings
model. As expected, a larger number of terms in the series
are required for an accurate reconstruction at longer times.

Above the lasing threshold, there is a significant discrep-
ancy between the two methods. Fig. 3(b) shows that the
transfer matrix method now predicts a decreasing tail in
the impulse response toward negative times. The use of
two different temporal windows for the inverse Fourier
transform shows that the tail in the right side is just a numer-
ical artifact due to the aliasing of the tail in the left side. The
average temporal position of such an impulse response, also
called group delay, now becomes smaller than s, which is
consistent with our previous predictions of a superluminal
propagation effect above threshold (in some cases, with a
pulse coming out from the I-BG even before it has been
injected at the input). On the other hand, the concatenation
of the two half-gratings rather gives an increasing tail
toward positive times, with no energy before t = s.

It should be noted that from a mathematical point of
view, the observed impulse response, diverging to infinity
as the time increases, does not have an inverse Fourier
transform [14]. This result indicates that a grating above
the lasing threshold cannot be described through its trans-
fer function in the spectral domain, i.e. through the con-
ventional reflection and transmission coefficients obtained
from the transfer-matrix method in Eq. (11). Physically,
it means that the input signal undergoes a net gain at each
round trip inside the I-BG. This net gain increases the out-
put power until it is stabilized by the effect of gain satura-
tion. Thus, as anticipated above, the main reason why the
basic transfer-matrix model cannot be applied above lasing
threshold is that this model does not consider gain satura-
tion effects. To fully and accurately analyze the behavior of
an I-BG, a direct numerical solution of the coupled-mode
equations, including gain saturation effects, is required.

As soon as we get over the threshold condition, jL >
p/2, the transfer matrix method gives the finite solution
for the transmission at the resonance wavelength until we
again achieve the next threshold condition. This solution
given by the transfer matrix method implies the presence
of a signal inside the I-BG before any pulse is injected. This
small light signal slowly increases its intensity from the
amplification provided by the I-BG. In order to prevent
divergence in the solution, this small signal has the proper
intensity and phase to destructively interfere with the pulse
when it is injected. Therefore, no light is left inside the
I-BG after the injection of the pulse: all the power inside
the I-BG has been extracted at the moment the pulse is
injected. The only light emitted by the I-BG was produced
by the light initially present in the grating before the injec-
tion of the pulse. This explains why the transfer matrix
method seems to lead to super-luminal propagation.

4. Comprehensive modeling and analysis of the I-BGs

In order to better ascertain the actual behavior of the
I-BG, it is necessary (i) to include gain saturation effects
in the grating model and (ii) to evaluate the transmission
and reflection of pulses directly in the temporal domain,
instead of restricting the analysis to CW signals (spectral
domain analysis). This can be achieved by solving Eq. (4)
with the coupling coefficient defined by Eq. (6) and the
DC loss defined by Eq. (7). As discussed in Section 2.3,
the method that we have used to solve these equations is
purely numerical and is based on the formalism developed
by De Sterke et al. [12] to deal with the problem of non-lin-
ear propagation in a waveguide/fiber Bragg structure.

The DC contributions of loss and gain are set to cancel
each other when the grating is unsaturated, i.e. r(z, 0) =
rloss + rgain = 0. However, they cannot be equal to zero.
In fact, a grating of loss would have regions of gain if its
DC component is not large enough compared to its AC
components, which does not make any sense. The inverse
argument applies for the gain grating. For instance, assum-
ing purely sine-shaped loss and gain gratings, this condi-
tion implies that rloss P jjlossj and rgain 6 �jjgainj.
Finally, for simplicity, the gain saturation is assumed here
to be instantaneous which prevent from observing under-
shoot when a signal is injected and overshoot after passing
through the I-BG.

4.1. Dynamical analysis of an I-BG below the lasing

threshold

The first considered case is when the grating strength is
below the lasing threshold. The dynamics of the I-BG
below threshold (jL < 0.5p with r(0) = 0) is analyzed by
injecting a Gaussian pulse inside the structure. The bound-
ary conditions now become:

eRð0; tÞ ¼ A0 exp �ðt � tcÞ2

2t2
0

" #
;

eSðL; tÞ ¼ 0;

ð23Þ
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where A0 is the Gaussian amplitude, tc is the center time of
the input Gaussian pulse and t0 is the input pulse duration.
Fig. 4 shows the injected, reflected and transmitted signals
through the I-BG with the same grating specifications as
those used in Fig. 1. The center time is tc = 5.04 ps, and
the pulse duration is t0 = 0.25 ps, which corresponds to a
bandwidth of 10.2 nm (this bandwidth is of the same order
as the grating bandwidth of �8.8 nm). The saturation effect
is taken into account in these simulations and in particular,
it is adjusted so that Imax/Isat = 1.0, the DC loss is zero and
the grating strength is jL = 0.45p, which is under the lasing
threshold. As expected, the transmitted and reflected pulses
are delayed and slightly distorted (broadened) as compared
with the input pulse. The transmitted signal is also ampli-
fied with respect to the injected one. The gain is provided
by the imaginary grating and is limited by the saturation
effect. The reflected beam is less amplified since it does
not penetrate deep into the I-BG.

It should be noted that the results shown in Fig. 4 are
consistent with those expected from the group delay and
group velocity curves predicted by the transfer-matrix
model. In fact, similar results to those shown in Fig. 4
could have been obtained by use of the transfer-matrix
method (by simply convolving the input Gaussian pulse
with the temporal impulse response of the grating obtained
in the previous section). We reiterate however that the
method used here also takes into account the gain satura-
tion effect, which is obviated in the transfer-matrix method
– the direct numerical analysis used here provides thus a
somehow more complete and accurate picture of the
grating behavior even below the lasing threshold. More-
over, the information directly provided by the transfer-
matrix method (behavior in the CW region for different
frequencies or in other words, grating spectral behavior)
can be also obtained from the direct numerical method
by using a CW signal (pure sinusoids) as the input wave-
form (instead of a Gaussian pulse, as in the example shown
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Fig. 4. Injected, transmitted and reflected signal through the I-BG with no
DC loss, assuming a Gaussian input pulse. Gain saturation effect are
included, I/Isat = 1.0. The grating strength is jL = 0.45p.
here). We have conducted these calculations and have
obtained the same transmission and reflection spectra,
group velocity and group delay curves as those obtained
by the transfer-matrix method and shown in Fig. 1(a)–(c).

4.2. Dynamical analysis of the I-BG above the lasing
threshold

The second case considered is when the grating strength
is equal or greater than the lasing threshold (jL P 0.5p
with r(0) = 0). Assuming a Gaussian pulse with a temporal
duration t0 of 0.25 ps, injected in the I-BG that is already
lasing a CW signal corresponding to its steady-state, the
transmitted and reflected signals have been numerically
evaluated for two cases: first, the case where the grating
strength is varied from jL = 0.5p to 1.0p for a fixed ratio
Iin,max/Isat = 1.0; and the second case where Iin,max is kept
at 1.0 and Isat is varied from 0.1 to 0.8 for a fixed grating
strength of jL = 0.7p. In both cases we assume a center
time of tin = 5 ps for the input Gaussian pulse. Figs. 5
and 6 show the transmitted and injected signals for the
two analyzed cases.

Figs. 5 and 6 give a complete picture of the I-BG
dynamics when the grating is operated above the lasing
threshold. In all the cases, the causality principle is
respected, since the peak of the outgoing signal is delayed
with respect to the peak of the injected signal. However
in all cases, except at the exact threshold point, our results
show the presence of a CW component in the cavity. This is
evidenced by the continuous background in the simulated
temporal responses; this behavior is expected since for
jL P 0.5p, the cavity can undergo lasing. In particular,
Fig. 5 shows that the CW intensity (background in the tem-
poral responses) is proportional to the grating strength and
is therefore proportional to the gain present in the struc-
ture. In the case of jL = 0.5p (exact threshold point) there
is no CW signal. Fig. 6 shows that the CW signal increases
Fig. 5. Temporal shape of the incident and transmitted pulses for an
injected signal of t0 = 0.25 ps and grating strengths varying from
j0L = 0.5p to 1.0p.



Fig. 6. Temporal shape of the incident and transmitted pulses for a
grating strength of jL = 0.7p and t0 = 0.25 ps with varying saturation
intensities from Isat = 0.10, 0.20, 0.40, 0.60 and 0.80. The maximum
intensity of the injected signal is always 1.00.
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for a greater saturation intensity (i.e. for less saturation).
Thus, as expected, the grating strength and the saturation
intensity are the main factors that determine the magnitude
of the CW amplitude.

4.3. Group delay above and below threshold

It is interesting to examine closer the group delay
between the pulse injected in the I-BG and the one trans-
mitted as a function of the grating strength. Even though
the notion of group delay cannot be formally defined for
nonlinear propagation (which is the case in the presence
of saturation effect), an ‘‘average’’ group delay can be esti-
mated by measuring the time between the peaks of the
input and output pulses. Fig. 7 shows the group delay com-
Fig. 7. Group delay between the injected pulse and the transmitted one as
a function of the grating strength jL. The maximum intensity of the
injected pulse was kept at Iin,max = 1 while the saturation intensity was
varied from 1.0 · 102 to 1.0 · 105. Solid curve with circles represents the
result of transfer matrix simulation without saturation effect.
puted as a function of the grating strength jL for different
saturation intensities. The grating and pulse characteristics
are exactly the same as those assumed in Sections 4.1 and
4.2. One can see that for the case of no saturation, which
correspond to Isat!1, the group delay above threshold
is anomalous. This is caused by the fact that this group
delay have been obtained with the matrix approach which
is not valid above the threshold. The abrupt shift around
the threshold point from a high group delay to a very small
one is exactly the same as that shown in Fig. 1(c). This non-
physical behavior in the group delay function does not
present in the simulation results because the saturation is
included. One can see that in all cases when the saturation
is finite, the group delay behavior around and above the
threshold is continuous and is not negative anymore for
jL > p/2. However, when the saturation becomes negligi-
ble (high value of Isat), the group delay below threshold
tend toward the group delay with no saturation, as
expected. Fig. 7 shows once more that the inclusion of sat-
uration effects removes efficiently the divergence in the
solution of the propagating signal inside the I-BG. It is also
interesting to point out that at jL = p the group delay at
high saturation level converges toward zero which coin-
cides with the result of the transfer matrix method. This
superluminal behavior of the I-BG remains to be studied.

5. Conclusion

In this paper, the dynamic behavior of the I-BG has been
analyzed for two different cases: when the structure is oper-
ated below and above the lasing threshold. First, the I-BG
has been modeled using the conventional transfer-matrix
approach for solving the associated coupled-mode equa-
tions. Such an approach was demonstrated to be a valid
one to derive the lasing threshold conditions and describe
the I-BG below the threshold. A fundamental limitation of
the transfer-matrix method is that the gain saturation effects
are not accounted for in the I-BG model. As a result, when
the threshold is reached and exceeded, this approach pro-
vides diverging solutions and predicts a superluminal prop-
agation effect. These results violate the basic principle of
causality and in fact, we have concluded that the transfer-
matrix approach is not a valid method to study the I-BGs
near the threshold and above it. The non-physical diverging
response of the I-BG obtained above the lasing threshold
has also suggested the need for including a saturation mech-
anism similar to that conventionally used in laser theory.

The I-BG has then been studied using a direct numerical
solution of the time-dependant coupled-mode equations
including gain saturation effects. This numerical problem
has been solved using a similar approach to that reported
by De Sterke et al. for the analysis of non-linear Bragg cou-
plers [12]. The inclusion of gain saturation into the dynam-
ical I-BG equations has been demonstrated to provide a
more complete and more accurate description of the I-BG.
This description is valid for the I-BG operation below and
above the lasing threshold, providing a solution without
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the group-delay divergences and abnormalities predicted
by the transfer-matrix model. The direct numerical solution
of the I-BG problem was applied to the study of the dynamic
behavior of an I-BG (analysis of short pulse propagation
through the I-BG) below and above the threshold. We
believe that the availability of a comprehensive model of
I-BGs with a tested wide range of validity should prove very
useful for applications requiring a deep understanding of the
spectral and temporal properties of these devices.
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